
MA 431 – Solutions for Homework 2 Spring 2015

1.3.10. We first show that W1 = {(a1, a2, . . . , an) ∈ Fn | a1 + a2 + · · ·+ an = 0} is a subspace of Fn. We need to show that
~0 ∈W1, and that W1 is closed under addition and scalar multiplication. Since ~0 = (0, 0, . . . , 0) ∈ Fn and 0+0+ · · ·+0 = 0, it
follows that ~0 ∈W1. Now, let x, y ∈W1, c ∈ F . Then x = (a1, a2, . . . , an) and y = (b1, b2, . . . , bn), where a1+a2+ · · ·+an = 0
and b1 + b2 + · · ·+ bn = 0. Now, x + y = (a1 + b1, a2 + b2, . . . , an + bn), and

(a1 + b1) + (a2 + b2) + · · ·+ (an + bn) = (a1 + a2 + · · ·+ an) + (b1 + b2 + · · ·+ bn)

= 0 + 0

= 0.

Thus, x + y ∈W1. Now, cx = (ca1, ca2, . . . , can), and

ca1 + ca2 + · · ·+ can = c(a1 + a2 + · · ·+ an)

= c0

= 0.

Thus, cx ∈W1. Therefore, W1 is a subspace of Fn.
Now, we show that W2 = {(a1, a2, . . . , an) ∈ Fn | a1+a2+· · ·+an = 1} is not a subspace of Fn. Since ~0 = (0, 0, . . . , 0) ∈ Fn

and 0 + 0 + · · ·+ 0 = 0 6= 1, ~0 /∈W2. Hence, W2 is not a subspace of Fn.

1.3.13. Let V = {f ∈ F(S, F ) | f(s0) = 0}. Recall that the function z : S → F defined by z(s) = 0 for all s ∈ S is
the zero vector in F(S, F ). Since z(s0) = 0, z ∈ V . Now, let f, g ∈ V . Then (f + g)(s0) = f(s0) + g(s0) = 0 + 0 = 0, and
hence f + g ∈ V . Let f ∈ V , c ∈ F . Then (cf)(s0) = c(f(s0)) = c0 = 0, and hence cf ∈ V . Since the zero vector in F(S, F )
is in V , and V is closed under addition and scalar multiplication, V is a subspace of F(S, F ).

1.4.7. Let (a1, a2, . . . , an) ∈ Fn. Then,

(a1, a2, . . . , an) = (a1, 0, . . . , 0) + (0, a2, 0, . . . , 0) + · · ·+ (0, . . . , 0, an)

= a1(1, 0, . . . , 0) + a2(0, 1, 0, . . . , 0) + · · ·+ an(0, . . . , 0, 1)

= a1e1 + a2e2 + · · ·+ anen ∈ span{e1, e2, . . . , en}.

Thus, any vector in Fn can be written as a linear combination of e1, e2, . . . , en. Hence, {e1, e2, . . . , en} generates Fn.

1.4.12. (⇒) Suppose W is a subspace of V . We wish to show that W = span(W ). Let w ∈ W . Then, since w = 1 · w, w is
a linear combination of vectors in W , and hence w ∈ span(W ). So W ⊆ span(W ). Now, let v ∈ span(W ). Then

v = a1w1 + a2w2 + · · ·+ anwn

for some scalars a1, a2, . . . , an ∈ F and vectors w1, w2, . . . , wn ∈ W . Since each wi ∈ W and W is closed under scalar
multiplication, each aiwi ∈ W . Now, since W is closed under addition, a1w1 + a2w2 + · · · anwn ∈ W , and hence v ∈ W . It
follows that span(W ) ⊆W , and thus W = span(W ).

(⇐) Now suppose W is a subset of V , and that W = span(W ). We wish to show that W is a subspace of V . By Theorem
1.5, span(W ) is a subspace of V . Since W = span(W ), W is a subspace of V .


